We generalize the notion, introduced by Henri Cartan, of an operation of a Lie algebra g in a graded differential algebra Ω. We define the notion of an operation of a Hopf algebra H in a graded differential algebra Ω which is refered to as a H-operation. We then generalize for such an operation the notion of algebraic connection. Finally we discuss the corresponding noncommutative version of the Weil algebra: The Weil algebra W pHq of the Hopf algebra H is the universal initial object of the category of H-operations with connections.
Introduction
This paper is devoted to the noncommutative version of the notion of Cartan operation of a Lie algebra g in a graded differential algebra Ω, [7] , [8] . Our aim is to generalize the classical theory to the noncommutative setting in two respects: firstly to replace the Lie algebra g, or more precisely its universal enveloping algebra Upgq, by an arbitrary Hopf algebra H, and secondly to allow arbitrary (noncommutative) graded differential algebras.
We define the notion of an operation of a Hopf algebra H in a graded differential algebra Ω. By letting H be the universal enveloping algebra Upgq of a Lie algebra g we obtain by restriction to g an operation of g in Ω as defined by Henri Cartan (except that Ω is not assumed graded commutative). We discuss the converse direction, namely from an operation of g to an operation of Upgq. We observe that various extensions of the Cartan calculus for the differential calculi on quantum groups (see e.g. [37] , [30] and [2] ) fall in this framework. We then introduce the notion of an algebraic connection for an operation of a Hopf algebra H in a graded differential algebra Ω generalizing thereby the corresponding notion induced by Henri Cartan [7] (see also in [27] , [25] ) for an operation of a Lie algebra in a graded commutative differential algebra. The category of operations with connections of a given Hopf algebra H in graded differential algebras has a universal initial object W pHq which we describe and which is the appropriate generalization of the Weil algebra.
We stress that our W pHq is not connected with the noncommutative Weil algebra of [1] , even when H " Upgq. In fact, the purpose of the nice construction of [1] is different from that of this paper. Our construction also differ from the one in the interesting paper [18] . The relation of our construction with the one of [18] is discussed at the end of this paper.
We shall start with a summary of the classical theory. In this summary we deliberately drop two assumptions in the definition of an operation of a Lie algebra g in a graded differential algebra Ω. The first one is the axiom pi X q 2 " 0, for any X P g, and the second one is the graded commutativity of Ω. Indeed, as explained in the conclusion pi X q 2 " 0, for any X P g, follows from the other axioms in all cases of interest and plays no role otherwise while the operation of g in a noncommutative Ω makes sense and is useful as pointed out for instance in [20] for the case where g is the Lie algebra DerpAq of all derivations of an algebra A and where Ω is the universal differential calculus ΩpAq over A, [10] , [11] , [28] , [29] , [21] .
As mentioned in §2.1, the standard example comes from the theory of differential forms on principal bundles. Then, the analogues of this classical example are the appropriate differential calculi over noncommutative principal bundles. Among these noncommutative principal bundles let us mention the principal bundles in [33] on the noncommutative manifolds of [13] , [12] : in particular the SUp2q principal bundle [32] over a noncommutative 4-sphere. The SU q p2q-principal bundle over a quantum 4-sphere in [4] uses in a crucial way the covariant calculi of [39] , [40] and generalizes the Up1q-fibration [5] , [6] over the quantum 2-sphere. It is also worth noticing here that the theory of Hopf-Galois extensions includes a general formulation of noncommutative principal bundles, see e.g. [36] and references therein.
Throughout this paper K denotes a field and all vector spaces and algebras are over K.
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By an algebra (resp. a Lie algebra) without other specification we always mean a unital associative algebra (resp. a finite-dimensional Lie algebra); the unit of such an algebra will be denoted by 1l whenever no confusion arises. Except in the appendix where Z-graduations are considered, by a graded algebra, we mean a N-graded algebra A " ' ně0 A n . Given a vector space E, its dual is denoted by E˚and given a linear mapping ϕ : E Ñ F we denote by ϕ t : F˚Ñ E˚the corresponding transposed linear mapping. The tensor algebra of E is denoted by T pEq " ' n E b n , the symmetric algebra of E is denoted by SE " ' n S n E and the exterior algebra of E is denoted by^E " ' n^n E. The Koszul rule is understood for tensor products of linear mappings between graded vector spaces and we use Sweedler notation for coproducts: ∆h " ř j h p1q j b h p2q j , with p1q and p2q denoting respectively the first and the second leg components in the tensor product.
Operations of Lie algebras
In this section we review basic definitions and facts on the notion of operation introduced by Henri Cartan in 1950, [7] , [8] , (see also [25] , [21] ) and describe some related developments.
Definition of g-operations
Let g be a Lie algebra and let Ω be a graded differential algebra with differential denoted d.
An operation of the Lie algebra g in the graded differential algebra Ω is a linear mapping
of g into the space Der´1pΩq of the antiderivations (graded-derivations) of degree -1 of Ω such that if one defines the derivation L X of degree 0 by
for any X, Y P g. It follows from (2.2) and (2.3) that one has
for any X, Y P g. Relation (2.5) means that one has a homomorphism of Lie algebras L of g into the Lie algebra Der 0 pΩq of all derivations of degree 0 of Ω.
An element α of Ω is said to be invariant if one has L X pαq " 0 for any X P g while α is said to be horizontal if one has i X pαq " 0 for any X P g. Finally, α P Ω is said to be basic if it is both invariant and horizontal.
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The set Ω I of all invariant elements of Ω is a graded differential subalgebra of Ω, the set Ω B of all basic elements of Ω is a graded differential subalgebra of Ω I (and therefore of Ω) while the set Ω H of all horizontal elements of Ω is only a graded subalgebra of Ω which is stable by the L X pX P gq. The cohomology H I pΩq of Ω I and the cohomology H B pΩq of Ω B are refered to respectively as the invariant cohomology and the basic cohomology of Ω (whenever no confusion arises concerning the operation).
Of course, the whole terminology above comes from the theory of differential forms on principal bundles. Let G be a Lie group with Lie algebra LiepGq " g and let P " P pM, Gq be a principal G-bundle over M (the basis) [31] with projection π : P Ñ M. The projection π induces a projection T pπq : T pP q Ñ T pMq of the tangent bundle of P onto the tangent bundle of M and induces by duality an injective homomorphism π˚: ΩpMq Ñ ΩpP q of graded differential algebras of the space ΩpMq of differential forms on the basis M into the space ΩpP q of differential forms on P . The image π˚pΩpMqq of π˚is denoted by Ω B pP q and its elements are called basic differential forms on P . A tangent vector to P is said to be vertical whenever its projection on T pMq via T pπq vanishes. To each X P g corresponds a fundamental vector field on P which is vertical and which we also denote by X. The horizontal forms on P are the forms on P such that the inner derivations with the vertical vector fields vanish. Finally a form on P invariant by the action of the structure group is said to be invariant. Let i X denote the inner derivation of ΩpP q by the fundamental vector field corresponding to X P g. Then one verifies that X Þ Ñ i X defines an operation of g in ΩpP q and that the notions of basicity, horizontality and invariance for the elements of ΩpP q correspond to the ones associated to this operation.
It is worth noticing here that the notion of Cartan operation appears in some related example, for instance it plays a fundamental role in the computation of the local BRS cohomology of gauge theory, [24] , [19] , [22] .
A graded differential algebra Ω equipped with an operation of the Lie algebra g as above will be refered to as a g-operation. There is an obvious notion of morphism for g-operations. This defines the category of g-operations.
g-operations in the differential envelopes
Given an algebra A we denote by ΩpAq the universal differential calculus over A. This graded differential algebra ΩpAq is also refered to as the differential envelope of A.
The following lemma is easy to prove by using the universal properties of ΩpAq and of the derivation d : A Ñ Ω 1 pAq, [20] .
X be a homomorphism of Lie algebra of g into the Lie algebra DerpAq of all derivations of an algebra A into itself. Then there is a unique operation of g in ΩpAq such that L X paq " L p0q X paq for any a P A.
As a corollary of this lemma, one has the following theorem.
Theorem 2.
Let Ω be generated in degree 0 by A as graded differential algebra. Then any operation of g in Ω is the quotient of a unique operation of g in ΩpAq.
In other words any operation of g in a graded differential algebra generated in degree 0 can be identified with an operation of g in a differential envelope (through the corresponding canonical surjective homomorphism of graded differential algebras).
From
Let Ω be a g-operation. The linear mapping X Þ Ñ L X is, in view of (2.5), a representation of the Lie algebra g in Ω. It follows from the universal defining property of Upgq that L extends uniquely as a representation h Þ Ñ L h of the unital associative algebra Upgq in Ω, i.e. as a homomorphism of Upgq into the algebra End 0 pΩq of endomorphisms of degree 0 of Ω. This extension will be refered to as the canonical extension of L to Upgq.
Let us recall that Upgq is not only an algebra but that it is a Hopf algebra with unique coproduct ∆, counit ε and antipode S such that
The canonical extension of L to Upgq has the following properties :
pβq or any h P Upgq and for any α, β P Ω.
for any X P g and h P Upgq, where the right adjoint action ad is defined by adphqg "
is clear since L 1l is the identity mapping of Ω onto itself, the L X commute with d for X P g and since the unit 1l P Upgq and the X P g generate Upgq.
(b) follows from the fact that L X p1lq " 0 for X P g so L h p1lq " 0 for h P Kerpεq and from L 1l p1lq " 1l (since L 1l is the identity mapping of Ω).
(c) follows from the fact that it holds for h " 1lpP Upgqq and for h " X P g and that furthermore both h Þ Ñ L h and h Þ Ñ ∆h are multiplicative homomorphisms. 
for X and the Y k in g which implies (d) by using the fact that one has
for the coproduct of Y 1¨¨¨Yn .
In contrast to L, i has no canonical extension to Upgq which could be used to define more generally the axioms for an "operation" of an arbitrary Hopf algebra H. Nevertheless, it is worth noticing here that X Þ Ñ i X admits an extension h Þ Ñī h to Upgq which satisfies
for any h, g P Upgq. This extension is defined by settinḡ
for any X P g, n P N and by using the Poincaré-Birkhoff-Witt theorem together withī 1l " 0. However this extensionī, as well as the complicated rule generalizing the antiderivation property which it satisfies, depends in a crucial way on the particular structure of enveloping algebra, i.e. generation by primitive elements and the Poincaré-Birkhoff-Witt theorem. Let us just observe that this example shows that the properties (2.9), together with the properties (a), (b), (c) of Proposition 3, which only depend on the general Hopf algebra structure are consistent (and natural).
Algebraic connections in commutative g-operations
We now give a short review of the notion introduced in [7] of algebraic connection for operations of g in graded commutative differential algebras. These g-operations will be refered to as commutative g-operations.
Given such an operation of a Lie algebra g in a graded commutative differential algebra Ω an algebraic connection or simply a connection in Ω is a linear mapping
of the dual vector space g˚of g such that, for any X P g and θ P g˚, one has i X pαpθqq " θpXq and
By the universal property of the exterior algebra, the mapping α extends as an homomorphism again denoted by α :^g˚Ñ Ω (2.13) of graded commutative algebras. In fact,^g˚is a graded differential algebra (endowed with the Koszul differential d) and the curvature of α is the linear mapping
for any θ P g˚. Thus the curvature is the obstruction for α to be a homomorphism of graded differential algebras. It follows from the definitions that for any X P g and θ P g˚, one has
In the standard example where Ω is the graded differential algebra of differential forms on a principal bundle P pM, Gq with structure group G such that LiepGq " g, an algebraic connection on Ω is an ordinary principal bundle connection on P pM, Gq.
In Appendix B we give other standard notations for connections.
Let g be a fixed Lie algebra and consider the operations of g with connections in graded commutative differential algebras. There is a straightforward notion of morphism for such objects and one gets the category of commutative g-operations with connections. A morphism is a homomorphism of graded differential algebras which intertwins the g-operations and which maps the connection on the connection. There is a universal initial object W pgq in this category which is called the Weil algebra of the Lie algebra g. As graded commutative algebra W pgq "^g˚b Sgi s the tensor product of the exterior algebra^g˚of the dual vector space g˚of g with the symmetric algebra Sg˚where the degree 2n is given to the elements of S n g˚.
Let θ be an element of g˚, we denote by αpθq the element θ b 1l of W 1 pgq and by ϕpθq the element 1l b θ of W 2 pgq. It is clear that there is a unique differential on W pgq for which dαpθq " αpdθq`ϕpθq for any θ P g˚. In fact W pgq can be defined as well by a change of generators as the free graded commutative differential algebra generated by αpg˚q in degree 1 and by dαpg˚q in degree 2, which is a contractible algebra [38] .
The operation X Þ Ñ i X of g in W pgq is defined to be the unique antiderivation of W pgq such that i X pαpθqq " θpXq and i X pϕpθqq " 0 for any θ P g˚, (X P g). One verifies that all the axioms for an operation of g in the graded differential algebra W pgq are satisfied and that α is then a connection with curvature ϕ in W pgq.
By the very definition of W pgq, its cohomology is trivial and one can show by introducing the appropriate contracting homotopy that its invariant cohomology is also trivial. The basic differential subalgebra W B pgq of W pgq is given by W 2n B pgq " 1l b I n pgq and W 2n`1 B pgq " 0, where I n pgq is the vector space of all ad-invariant homogeneous polynomials of degree n on g. It follows that W B pgq coincides with its cohomology, i.e. the basic cohomology H B pW pgqq.
The definition of W pgq implies that, given an operation of g with connection in a graded commutative differential algebra Ω, there is a unique homomorphism of graded differential algebras of W pgq into Ω which is a morphism of commutative g-operation with connection. It can be shown that this homomorphism induces in basic cohomology an homomorphism which does not depend on the connection of Ω but only depends on the operation of g in 8 Ω. This is the algebraic version of the Weil homomorphism. One recovers the familiar version by applying it to the standard example, remembering that the basic cohomology of the Weil algebra W pgq is isomorphic to the algebra Ipgq of all ad-invariant polynomials on g. Thus if P pM, Gq is a principal bundle over M (the basis) with structure group G such that g " LiepGq, the Weil homomorphism is an algebra homomorphism from Ipgq into the de Rham cohomology HpMq of (the basis) M such that the image of I n pgq is contained in H 2n pMq for any n P N.
Let P P Ipgq be an ad-invariant polynomial on g. Then 1l b P P W pgq is closed and invariant so in view of the triviality of the invariant cohomology of W pgq, one has 1lbP " dQ with Q P W I pgq. Let ρ : W pgq Ñ^g˚be the canonical projection. The image ρpQq is an invariant form in^g˚and it is not hard to show that it is independent of the choice of Q as above. The corresponding linear mapping γ : Ipgq Ñ^Ig˚from Ipgq into the space of invariant forms on g is the Cartan map. One has γpI n pgqq Ă^2 n´1 I g˚for any n ě 1.
Operations of Hopf algebras
In this section we define the notion of operation of a Hopf algebra in a graded differential algebra.
Definition of H-operations
Let H be a Hopf algebra with coproduct ∆, counit ε and antipode S and let Ω be a graded differential algebra with differential d. An operation of the Hopf algebra H in the graded differential algebra Ω is a linear mapping h Þ Ñ i h of H into the vector space End´1pΩq of homogeneous linear endomorphisms of degree -1 of Ω satisfying
and such that, by setting for h P H
where I Ω is the identity mapping of Ω, the following properties hold. Firstly, for any h P H
where the right adjoint action ad is defined (as before) by
and finally
By using the associativity of ∆, the axioms for the counit ε and of the antipode S, one verifies that Equation (3.4 
which implies, by using (
for any g, h P H. One sees that Equation (3.8) is also implied by the axiom (3.6). Equations (3.7) and (3.8) mean the ad-equivariance of the mappings h Þ Ñ i h and h Þ Ñ L h . From (3.2) and (3.1) it follows that one has
and L h p1lq " εphq1l (3.10)
for any h P H, where in (3.9) 1l is the unit of H while in (3.10) 1l is the unit of Ω. From (3.2) and (3.3) it follows that one has
for any h P H and α, β P Ω. Finally, from (3.2) it follows that one has
for any h P H.
Operations of H in graded differential algebras will be also refered to as H-operations. Given an operation i of H in Ω and an operation i 1 of H in Ω 1 , a morphism of H-operation from pi, Ωq to pi 1 , Ω 1 q is a homomorphism f : Ω Ñ Ω 1 of graded differential algebra which satisfies f pi h pωqq " i 1 h pf pωqq for any h P H and ω P Ω. The H-operations and their morphisms form a category which will be refered to as the category of H-operations.
Invariance, horizontality and basicity
Given an operation of H in Ω as in §3.1, an element α P Ω will be said to be invariant if
for any h P H; α will be said to be horizontal if i h pαq " 0 (3.14)
for any h P H, and finally α will be said to be basic if it is both invariant and horizontal.
It follows from (3.2) and (3.11) that the set Ω I of all invariant elements of Ω is a graded differential subalgebra of Ω, it follows from (3.3) and (3.4) that the set Ω H of all horizontal elements of Ω is a graded subalgebra of Ω which is stable by the L h for h P H and it follows from (3.2) again that the set Ω B " Ω I X Ω H of all basic elements is a graded differential subalgebra of Ω I and therefore also of Ω. The cohomology H I pΩq of Ω I will be refered to as the invariant cohomology of Ω while the cohomology H B pΩq of Ω B will be refered to as the basic cohomology of Ω for the operation of H in Ω.
3.3 Operations of the Lie algebra g and of the Hopf algebra U pgq Let g be a Lie algebra and let h Þ Ñ i h be an operation of the Hopf algebra Upgq in the graded differential algebra Ω. It is clear that by restriction to g Ă Upgq one obtains an operation X Þ Ñ i X of the Lie algebra g in the graded differential algebra Ω, (in the sense of §2.1). For the converse, one has the following result.
Proposition 4.
Let Ω be a differential envelope, that is Ω " ΩpAq for some algebra A. Then an operation of the Lie algebra g in Ω has a unique extension as an operation of the Hopf algebra Upgq in Ω.
Proof. Any element of Ω is a linear combination of terms of the form x 0 dx 1 . . . dx n with x α P Ω 0 . Let h Þ Ñ i h be an operation of Upgq in Ω. One has i h px 0 dx 1 . . . dx n q " x 0 i h pdx 1 . . . dx n q and i h pdx α q " L h px α q´εphqx α . It follows that the operation is completely specified by the L h in view of (3.3). On the other hand L h is completely specified by the L X for X P g in view of (3.6) since g generates Upgq. Thus, starting from the i X with X P g one constructs the L h for h P Upgq and the i h for h P Upgq by using the above formulae. One verifies that the axioms of §3.1 are satisfied.
If Ω is generated in degree 0 as graded differential algebra, the above proof shows that if an operation of g in Ω has an extension as an operation of Upgq in Ω, then this extension is unique. Furthermore under these conditions the notions of invariance, horizontality and basicity are the same for the operation of the Lie algebra g and for the operation of the Hopf algebra Upgq. However, it is worth noticing here that there exist g-operations which do not admit extensions as Upgq-operations. For instance Property (3.3) for Upgq-operations is not compatible with the (eventual) graded commutativity of Ω, i.e. Upgq-operations cannot be commutative. Indeed, by applying (3.3), one gets i h pf dpgq´dpgqf q " f L h pgq`gL h pf q´εphqf g´L h pgf q for f, g P Ω 0 , which implies i X 2 pf dpgq´dpgqf q "´2L X pgqL X pf q`rf, L X 2 pgqs for X P g, which is incompatible with the commutativity whenever L X pgqL X pf q " 0. Notice also that Ω "^g˚and, more generally, the graded differential algebras associated by Koszul duality to Lie prealgebras [23] are not generated in degree 0 as graded differential algebras.
Filtration of a H-operation
Assume that one has an operation of H in Ω. Then there is an associated decreasing filtration F p pΩq of Ω given by setting
for n ě p and F p pΩ n q " 0 for n ă p. One has
which implies
for any p P N, and
for any p, q P N (with F p`1 pΩq Ă F p pΩq and F 0 pΩq " Ω). To such a filtration of graded differential algebra of Ω corresponds a convergent spectral sequence pE r pΩq, d r q rPN where E r pΩq is a bigraded algebra E r pΩq " ' p,qPN E p,q r pΩq and where d r is an homogeneous differential on E r pΩq of bidegree pr, 1´rq. It is clear that ω P F p pΩ p`is equivalent to i h 1¨¨¨i hq pωq P Ω 
Theory of connections
In this section we introduce and study a noncommutative generalization of the theory of algebraic connections on the operations of a Lie algebra [8] , [25] .
The graded differential algebra CpHq
Although in the sequel H is a Hopf algebra, in this subsection only its algebra structure is involved. At the end of it the augmentation ε (counits) of H will also play a role.
Let CpHq " ' n C n pHq be the graded algebra of multilinear forms on H, that is one has C n pHq " pH b n qå nd the product is the tensor product of multilinear forms. The product µ : H b H Ñ H of H induces by transposition the linear mapping µ t : H˚Ñ pH b Hqs o´µ t (the minus sign is here to match the usual convention) is a linear mapping of C 1 pHq into C 2 pHq which has an extension
as an antiderivation of degree 1 of CpHq given by
for Ψ P C n pHq and h 0 , . . . , h n P H. The associativity of the product of H is equivalent to
so that (CpHq, d 0 ) is a graded differential algebra. The construction of the graded differential algebra pCpHq, d 0 q works as well for any unital associative algebra, it is dual to the acyclic bar complex, and it is a standard fact that its cohomology vanishes in positive degrees.
The counit ε gives a structure of H-bimodule to the ground field K, referred to as the trivial bimodule K. Thus CpHq is also the space of Hochschild cochains of H with coefficients in the trivial bimodule K. The corresponding Hochschild differential d reads
In contrast to the cohomology of CpHq for d 0 , the cohomology of d is nontrivial in general. For instance, in the case H " Upgq, this cohomology is isomorphic to the cohomology of the Lie algebra g, see e.g. in [34] . In fact one defines a quasi-isomorphism
of pCpUpgqq, dq onto^g˚endowed with the Koszul differential, by restriction to g (or more precisely to T pgq) and antisymmetrization. Thus, from this point of view CpHq equipped with the differential d is the analogue of^g˚equipped with the Koszul differential. In the following CpHq endowed with the differential d will be refered to as the graded differential algebra CpHq.
The operation of H in CpHq
Motivated by the requirement (3.3), one defines an operation of the Hopf algebra H in the graded differential algebra CpHq in the following manner. Let Ψ P C n pHq be a n-linear form on H and let us define, for h P H, i h pΨq P C n´1 pHq by for g k P H. Here we have set
for the iterated coproducts (which occur of course only for n ě 2).
One verifies that this defines a H-operation and that
with obvious notations. One also verifies that
which implies that h Þ Ñ i h is an operation of H in the graded differential algebra pCpHq, d 0 q as well. The invariant cohomology of pCpHq, d 0 q also vanishes in positive degrees.
Algebraic connections
Let H be a Hopf algebra, Ω be a graded differential and assume that one has an operation h Þ Ñ i h of H in Ω, (i.e. that pi, Ωq is a H-operation).
An algebraic connection on the H-operation pi, Ωq or simply a connection on pi, Ωq is a homomorphism of graded algebras
such that, for any Ψ P CpHq, it satisfy
In particular, for ψ P H˚this implies that, for any h P H,
The curvature of α is the homogeneous linear mapping of degree 1 ϕ : CpHq Ñ Ω defined by ϕpΨq " pdα´αdqpΨq (4.12)
for any Ψ P CpHq. As in the classical theory, the curvature is the obstruction for α to be a homomorphism of graded differential algebras. This implies that i h pϕpψqq " 0 and L h pϕpψqq " ϕpψ˝adphqq (4.13)
for any h P H and ψ P H˚, and more generally i h pϕpΨqq "´ϕpi h pΨqq and L h pϕpΨqq " ϕpL h pΨqq (4.14)
for any Ψ P CpHq, together with ϕp1lq " 0 (4.15) that is ϕpC 0 pHqq " 0. Furthermore (4.12) implies also that ϕpΦΨq " ϕpΦqαpΨq`p´1q f αpΦqϕpΨq (4.16)
for Φ P C f pHq, Ψ P CpHq and that one has the following version of Bianchi identity dpϕpΨqq "´ϕpdΨq for Ψ P CpHq . Notice that α induces a structure of CpHq-bimodule on Ω and that then (4.16) means that ϕ is an antiderivation of CpHq into Ω, (see in §5.2).
One verifies that the identity mapping I CpHq of CpHq onto itself is a connection α C on the H-operation CpHq defined in the last section and that this connection is flat, that is has a vanishing curvature pϕ C " 0q. This connection will be refered to as the canonical flat connection of CpHq. It is worth noticing here that in the case H " Upgq where g is the Lie algebra of a Lie group G, g " LiepGq, the Maurer-Cartan equation for the canonical invariant connection on G refer directly to the flatness of this connection on CpHq.
Remark: With the Koszul convention the relations (4.10) and (4.14) all appear as "commutation properties", therefore by using corresponding graded commutators, they read rα, i h s " 0, rα, L h s " 0 and rϕ, i h s " 0, rϕ, L h s " 0 while (4.12) and (4.17) can be written ϕ " rd, αs and rd, ϕs " 0.
The set of connections on a H-operation
Let H be a vector space and let CpHq " ' ně0 C n pHq be the graded connected algebra of all multilinear forms on H. Let us consider the quotient V pHq " C`pHq{pC`pHqq 2 where C`pHq " ' ně1 C n pHq. The product of C`pHq induces the trivial zero product on V pHq which is now just a graded vector space. By choosing a supplementary of pC`pHqq 2 in C`pHq, one obtains the following lemma.
Lemma 5.
There exists an injective homogeneous linear mapping of V pHq into CpHq.
Let TpV pHqq be the tensor algebra T pV pHqq of V pHq endowed with the unique graduation of algebra which induces the graduation of V pHq. One has the following result.
Proposition 6. The graded algebras CpHq and TpV pHqq are isomorphic.
Proof. By Lemma 5 there is an injective homogeneous linear mapping of V pHq into CpHq. In view of the universal property of TpV pHqq this mapping induces an homomorphism of the graded algebra TpV pHqq into CpHq. It is easy to verify that this homomorphism is an isomorphism of graded vector spaces.
Proposition 7.
The set of homomorphisms of graded algebras of CpHq into a graded algebra Ω is in bijection with the set of homogeneous linear mappings of V pHq into Ω.
Proof. This is just the universal property of TpV pHqq combined with Proposition 6.
This last proposition has the following obvious corollary. Corollary 8. Let H be a Hopf algebra. Then the set of connections on a H-operation Ω admits a structure of affine space modeled on a vector subspace of the vector space of linear homomorphisms of graded vector spaces of V pHq into Ω.
The vector subspace in Corollary 8 is the subspace of the graded linear homomorphisms a " ÿ ně1 a n : V pHq Ñ Ω such that the homogeneous part of the equations induced by (4.10) are satisfied. The inhomogeneous part which concerns only a 1 corresponds to the first equation of (4.11) which should be replaced by i h pa 1 pψqq " 0 for ψ P H˚.
Remark. When H is finite-dimensional one has V pHq " H˚, so the linear mapping of Lemma 5, the isomorphism of Proposition 6 and the bijection of Proposition 7 are unique. This implies that the affine structure of Corollary 8 is unique for a finite-dimensional Hopf algebra.
The universal H-operation with connection W pHq
In this section H is a fixed Hopf algebra and we define a noncommutative version of the Weil algebra, the Weil algebra W pHq of the Hopf algebra H.
The category of H-operations with connections
Let f be a morphism of H-operation from pi, Ωq to pi 1 , Ω 1 q and let α : CpHq Ñ Ω be a connection on pi, Ωq, then the image f˝α of α by f
is clearly a connection on pi 1 , Ω 1 q which will be denoted by f pαq.
Then, one defines the category of H-operations with connections in a natural way. A H-operation with connection pi, Ω, αq is an H-operation pi, Ωq equipped with a connection α. Given two H-operations with connections pi, Ω, αq and pi
It turns out that this category of H-operations with connections has a universal initial object W pHq which is the appropriate generalization of the Weil algebra in our context and which will be described in this section. We first describe, in the next subsection, the construction of the universal differential calculus over a graded algebra.
Differential envelopes of graded algebras
Let A " ' n A n be a graded algebra (N-graded, unital, associative) with product px, yq Þ Ñ mpx b yq " xy 
Thus this construction of [17] gives the counterpart for antiderivations of the classical construction [9] of the universal derivations (see also [3] ), furthermore the proof of Proposition 9 is the same as the proof of the corresponding proposition for derivations in [9] , [3] . A key remark for the proof is that as left A-module, one has the isomorphisms
while the right A-module structure is obtained from above by the graded Leibniz rule (5.1).
The above apply as well for Z-graded or Z 2 -graded algebras, in fact the paper [17] is written in the Z 2 -graded context. Nevertheless for the following A is taken to be N-graded.
We now introduce a graduation on J Ă A b A by setting J " ' ně0 J n`1 with
for n P N. Endowed with this graduation J becomes a graded A-bimodule which will be denoted by Ω Let us now define the graded algebra Ω gr pAq " ' n Ω n gr pAq to be the tensor algebra over A of the bimodule Ω gr pAq has a unique extension as a differential on Ω gr pAq, i.e. as a graded derivation of degree 1 of Ω gr pAq, again denoted by d, satisfying d 2 " 0. Endowed with this differential, Ω gr pAq is a graded differential algebra which is characterized, up to an isomorphism, by the following universal property which is a graded counterpart of the universal property of the usual universal differential calculus ΩpAq over a non graded algebra A [10] , [11] , [28] , [29] . The proof is completely similar to the proof of the "ungraded counterpart".
Notice that by considering a non graded algebra A as a graded algebra concentrated in degree 0 one can write ΩpAq " Ω gr pAq.
The Weil algebra W pHq of the Hopf algebra H
Let pi, Ω, αq be a H-operation with connection. Since then α is in particular a homomorphism of graded algebra of CpHq into Ω, it is natural to introduce the graded differential algebra
with the notations of the last subsection. With this, Theorem 10 has the following corollary. By combining Corollary 11 and Proposition 12 one arrives at the following theorem.
Theorem 13. Let Ω be a H-operation with connection, then there is a unique morphism of H-operation with connection from W pHq to Ω.
In other words W pHq is a universal initial object in the category of H-operations with connections. As such it is unique up to isomorphism.
The graded differential algebra W pHq endowed with the structure described above will be refered to as the Weil algebra of the Hopf algebra H.
It is clear that W pHq plays in the present setting the same role as the Weil algebra W pgq of the Lie algebra g in the classical theory and it is worth reminding here that the role of g˚in the classical theory is played in our noncommutative framework by CpHq.
One has canonically
where W ϕ pHq is the two-sided ideal of W pHq generated by ϕ W pCpHqq. This ideal is in fact a graded differential ideal of W pHq so the corresponding canonical surjective homomorphism
is a homomorphism of graded differential algebras. It is easy to see that it is the morphism of H-operation with connection of Theorem (13) for Ω " CpHq where the graded differential algebra CpHq is endowed with its structure of H-operation with (flat) connection described in §4.2 and §4.3. One has ρ˝α W " I CpHq (5.7)
which means that the connection of W pHq is a section of ρ. Notice that for H " Upgq, one obtains a surjective homomorphism
which is the counterpart of the quasi-isomorphism (4.4), by restriction of the arguments to g followed by graded symmetrization.
Cohomology and invariant cohomology of W pHq
The cohomology and the invariant cohomology of W pHq are given by the following theorem. on CpHq which implies H n pW pHqq " 0 for n ě 1 and by using (5.12), H n I pW pHqq " 0 for n ě 1. On the other hand that H 0 pW pHqq " H 0 I pW pHqq " K is obvious. The computation of the basic cohomology is more involved. This is connected with the fact that the structures of the horizontal subalgebra W H pHq and of the basic differential subalgebra W B pHq of W pHq are more complicated than in the classical case of the Weil algebra of a Lie algebra. We postpone the analysis of these points to the future Part II.
Further comments
This paper is the first part of a work on the noncommutative generalization of the notion of Cartan operation and of the Weil algebra. In this first part we have set up the general formulation of this noncommutative version. Part II will be devoted to the description in this context of the noncommutative version of the Weil homomorphism and of the noncommutative version of the Cartan map.
Let us now explain why we did not mention the axiom pi X q 2 " 0 (for X P gq for the operation of a Lie algebra g in a graded differential algebra. Firstly, pi X q 2 is (for X P g) a derivation of degree -2 of Ω which implies that it vanishes on the graded subalgebra of Ω generated by the elements of degrees 0 and 1 (remembering that Ω is positively graded by assuption). Secondly the axiom 2.3 (Cartan relation) implies that one has rpi X q 2 , ds " 0 for X P g .
Thus pi X q 2 " 0 on the graded differential subalgebra Ω p1q of Ω generated (as graded differential algebra) by the elements of degrees 0 and 1. In all cases of interest one has Ω p1q " Ω, that is Ω is generated as graded differential algebra by Ω 0 ' Ω 1 which implies pi X q 2 " 0 for X P g. Thus one does not need the axiom pi X q 2 " 0 which plays no role otherwise.
Finally let us say some words on the relation with the construction of [18] . In the interesting paper [18] there is a definition of the Weil algebra of a coalgebra which leads of course to a definition of a Weil algebra of a Hopf algebra H. However the corresponding Weil algebra is generated by H instead of H˚as our W pHq. Thus in spite of some similarities, it is a different object which is considered in [18] . In particular our correspondence H Þ Ñ W pHq has the same variance as the classical correspondence g Þ Ñ W pgq pW pgq is generated by g˚) while the Weil algebra of [18] has an opposite variance. In fact, the dual "comodule algebras" approach is interesting and convenient for some purpose but is inappropriate for the generalization of the formulation of Henri Cartan in terms of operations and algebraic connections. Nevertheless, for the noncommutative Weil homomorphism, we shall use results of [18] as well as those of [14] , [15] and [16] .
B More on algebraic connections in g-operations
Let Ω be a graded commutative differential algebra which is endowed with an operation of the Lie algebra g. Then, to give a connection α in Ω as in §2.4 is the same as to give an element A of g b Ω 1 such that i X pAq " X and L X pAq " adpXqA (B.1)
where here i X is I g b i X , L X is I g b L X and adpXq is adpXq b I Ω 1 . The mapping α being then θ Þ Ñ pθ b I Ω 1 qA.
In the same vein, the curvature ϕ is the same as the element F of g b Ω 2 defined by for X P g with obvious notations. Bianchi identity is easily established: dF`rA, F s " 0.
C The case dimpHq ă 8 and the case dimpgq " 8 If dimpHq ă 8, then CpHq is the tensor algebra T pH˚q and a connection α is completely specified by its restriction to H˚. Thus in this case, a connection is simply a linear mapping which is the Bianchi identity in the present context.
One sees that the case where dimpHq ă 8 looks formally close to the classical theory summarized in Section 2. However, it is worth noticing here that in Section 2 as well as in the original references [7] and [8] , it is implicitely assumed that the Lie algebra g is finite-dimensional. If one wants to extend the classical theory (where all graded algebras are graded commutative) to the case where dimpgq " 8, then one must change accordingly the definition of algebraic connections. Indeed, the transposed of the Lie bracket is now a linear mapping of g˚into the space C 2 pgq of antisymmetric bilinear forms on g and therefore one has to replace^g˚by the graded commutative algebra C^pgq " ' n C n pgq where C n pgq is the vector space of completely antisymmetric n-linear forms on g and one endows C^pgq with the Chevalley-Eilenberg differential d of cochains on g with values in the trivial representation (in K). Then, given an operation i of g in the graded commutative differential algebra Ω " ' n Ω n , an algebraic connection on Ω should be defined as a homomorphism of graded commutative algebras α : C^pgq Ñ Ω satisfying conditions similar to (4.10) with curvature ϕ again defined by ϕ " d˝α´α˝d with obvious notations, etc. Thus for dimpgq " 8, all definitions and formulas look completely similar to the one of §4.3, except that we are in a graded commutative context with the classical notion of operation of the Lie algebra g.
The definition of the Weil algebra W pgq of an infinite-dimensional Lie algebra g must be modified accordingly and looks then closer to the definition of the Weil algebra W pHq of a Hopf algebra H defined in Section 5.
